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Abstract 

In this paper we generalize the Ritt-Kolchin method of characteris- 
tic sets and the classical Grobner basis technique to prove the existence 
and obtain methods of computation of multivariate difference-differential 
dimension polynomials associated with a finitely generated difference- 
differential field extension. We also give an interpretation of such polyno- 
mials in the spirit of the A. Einstein's concept of strength of a system of 
PDEs and determine their invariants, that is, characteristics of a finitely 
generated difference-differential field extension carried by every its dimen- 
sion polynomial. 

1 Introduction 

The role of Hilbert polynomials in commutative and homological algebra as 
well as in algebraic geometry and combinatorics is well known. A similar role 
in differential algebra is played by differential dimension polynomials, which 
describe in exact terms the freedom degree of a dynamic system as well as the 
number of arbitrary constants in the general solution of a system of partial 
algebraic differential equations. 

The notion of differential dimension polynomial was introduced by E. Kolchin 
in 1964 [3] who proved the following fundamental result. 

Theorem 1.1 Let K be a differential field ( Char K = OJ, that is, a field con- 
sidered together with the action of a set A = {Si, . . . , (5„i} of mutually commuting 
derivations of K into itself. Let denote the free commutative semigroup of all 
power products of the form — 5^^ . . . (5^™ (ki > 0^, let ord 6 = X^I^i ^i' '^"'^ Z'^'' 
any r > 0, let 0(r) = {0 e O | ord 6 < r}. Furthermore, let L — K {rji, . . . ,7]n) 
be a differential field extension of K generated by a finite set rj = [rji, . . . , ?7„}. 
(As afield, L = K{{er]j\0e Q,l<j<n}).) 

Then there exists a polynomial a;,j|A'(<) S Q[t] such that 

(i) a;,j|/^(r) = trdegKK{{9rij\6 G Q{r), 1 < j < ri\) for all sufficiently large 
r e Z; 

™ ft + i\ 

(ii) AeguJri\K 1^ ^ o,nd can be written as a;,j|x(i) = a^i . | 

where oq, . . . , Om G Z; 

(iii) d = degujjj\K, o.m o,nd aa do not depend on the choice of the system 
of A-generators rj of the extension L/K (clearly, Od ^ Om iff d < m, that is 
o-m = 0/ Moreover, a„i is equal to the differential transcendence degree of L 
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over K , that is, to the maximal number of elements , . . . , G L such that the 
set {0£^i\9 ^ Q,l < i < k} is algebraically independent over K. 

In 1980 A. Mikhalev and E. Pankrat'ev [10 showed that a system of alge- 
braic differential equations can be characterized by certain differential dimension 
polynomial, which expresses the strength of the system in the sense of A. Ein- 
stein. The concept of strength, which is an important characteristic of a system 
of PDEs governing a physical field, was described by A. Einstein as follows (see 
[5]): "... the system of equations is to be chosen so that the field quantities are 
determined as strongly as possible. In order to apply this principle, we propose 
a method which gives a measure of strength of an equation system. We expand 
the field variables, in the neighborhood of a point 7^, into a Taylor series (which 
presupposes the analytic character of the field); the coefficients of these series, 
which are the derivatives of the field variables at V, fall into sets according to the 
degree of differentiation. In every such degree there appear, for the first time, 
a set of coefficients which would be free for arbitrary choice if it were not that 
the field must satisfy a system of differential equations. Through this system of 
differential equations (and its derivatives with respect to the coordinates) the 
number of coefficients is restricted, so that in each degree a smaller number of 
coefficients is left free for arbitrary choice. The set of numbers of "free" coef- 
ficients for all degrees of differentiation is then a measure of the " weakness" of 
the system of equations, and through this, also of its "strength"." 

In this paper we generalize the Ritt-Kolchin method of characteristic sets to 
the case of difference-differential polynomials and apply this method to prove 
the existence and find invariants of multivariate dimension polynomials associ- 
ated with a fixed partition of the basic sets of derivations and automorphisms. 
We show that one can assign such a multivariate polynomial to a system of par- 
tial algebraic difference-differential equations, and this polynomial expresses the 
strength of the system in the sense of A. Einstein. We also find new invariants of 
a finitely generated difference-differential field extension carried by multivariate 
dimension polynomials, that is, characteristics of the extension, which do not 
depend on the choice of the system of its generators. 

2 Preliminaries 

In this section we present some basic concepts and results used in the rest of 
the paper. 

Throughout the paper, N, Z, Q, and R denote the sets of all non-negative 
integers, integers, rational numbers, and real numbers, respectively. As usual, 
Q[t] denotes the ring of polynomials in one variable t with rational coefficients. 
By a ring we always mean an associative ring with a unity. Every ring homo- 
morphism is unitary (maps unity onto unity), every subring of a ring contains 
the unity of the ring. Unless otherwise indicated, by a module over a ring R we 
always mean a unitary left i?-module. 
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By a difference- differential ring wc mean a commutative ring R together 
with finite sets A = {6i,...,6m} and a = {ai,...,a„} of derivations and 
automorphisms of R, respectively, such that any two mappings of the set A |J cr 
commute. The set A IJ cr is called the basic set of the difference-differential ring 
R, which is also called a Alja-ring. If i? is a field, it is called a difference- 
differential field or a A U a-field. Furthermore, in what follows, we denote the 
set {ai,...,an,a^^,...,a-^} by a*. 

If i? is a difference-differential ring with a basic set A IJ cr described above, 
then A will denote the free commutative semigroup of all power products of the 
form X = S^^ ... S^a''-^ • • • ajf where ki G N, Ij G Z {1 < i < m, 1 < j < n). 
For any such an element A, we set Aa = (^f^ • • • 5^^ ' = a'/ • • • ajf, and denote 
by Aa and A^ the commutative semigroup of power products . . . 5^ and 
the commutative group of elements of the form a''^ . . . ajj* , respectively. The 
order of A is defined as ordX = J^lLi + Sj=i Kjl' ^^'^ ^'^^ every r G N, we 
set A(r) = {X e A\ordX < r} (r e N). 

A subring (ideal) Rq of a A-a-ring R is said to be a difference-differential 
(or A-cr-) subring of R (respectively, difference-differential (or A-cr-) ideal of R) 
if i?o is closed with respect to the action of any operator of A IJ cr* . In this case 
the restriction of a mapping from A |J cr* on Rq is denoted by same symbol. If 
a prime (maximal) ideal P of i? is closed with respect to the action of A [J cr* , 
it is called a prime (respectively, maximal) difference- differential (or A-cr-) ideal 
of R. 

If i? is a A-(T-field and i?o a subfield of R which is also a A-cr-subring of 

i?, then i?o is said to be a A-cr-subficld of R; R, in turn, is called a difference- 
differential (or A-cr-) field extension or a A-cr-overfield of Rq. In this case we 
also say that we have a A-cr-field extension R/Rq. 

If i? is a A-fj-ring and S C i?, then the intersection of all A-cr-ideals of R 

containing the set E is, obviously, the smallest A-cr-ideal of R containing E. 
This ideal is denoted by [E]. (It is clear that [E] is generated, as an ideal, by 
the set {A^l^ e E, A G A}). If the set E is finite, E = {^i, . . . , ^g}, we say that 
the A-cr-ideal / = [E] is finitely generated (we write this as 7 = [^i, . . . , ^q\) and 
call ^1, ■ . ■ , ^9 differential or A-cr-generators of /. 

If Kq is a A-c7-subfield of a A-cr-field K and E C /T, then the intersection 
of all A-cr-subfields of K containing _ft'o and E is the unique A-cr-subfield of 
K containing Kq and E and contained in every A-cr-subfield of K containing 

and E. It is denoted by Kq(T,). li K = ii'o(E) and the set E is finite, 
E = {771, ... ,77s}, then K is said to be a finitely generated A-cr-extension of 
Kq with the set of A-cr-generators {771, . . . , 77s}. In this case we write K = 
Ko{r]i , . . . , r]s) . It is easy to see that the field Ko{r]i, . . . ,r]s) coincides with the 
field Koi{Xr]i\X € A, 1 < z < s}). 

Let R and S be two difference-differential rings with the same basic set 
A y cr, so that elements of the sets A and cr act on each of the rings as mutually 
commuting derivations and automorphisms, respectively, and every two map- 
ping of the set A jj cr commute. (More rigorously, we assume that there exist 
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injective mappings of the sets A and a into the sets of derivations and automor- 
phisms of the rings R and 5, respectively, such that the images of any two ele- 
ments of A U cr commute. For convenience we will denote the images of elements 
of Aljcr under these mappings by the same symbols (5i, . . . , (5m, Q^i, • ■ • , On)- 
A ring homomorphism </> : R — > S is called a difference- differential or A-cr- 
homomorphism if (j^ira) = T(j){a) for any r G A IJ u, a G i?. The notions of A-cr- 
epimorphism, A-a-monomorphism, A-a- automorphism, etc. are defined natu- 
rally (as the corresponding ring homomorphisms that are A-a-homomorphisms) . 

li K isa. difference-differential (A-cr-) field and Y = {j/i, . . . , y^} is a finite set 
of symbols, then one can consider the countable set of symbols KY — {Xyj\\ € 
A, 1 < j < s} and the polynomial ring R — K[{Xyj\\ G A, 1 < j < s}] in the set 
of indeterminates Ay over the field K . This polynomial ring is naturally viewed 
as a A-cr-ring where T{Xyj) = {TX)yj for any t G A IJ cr, A G A, 1 < j < s, and 
the elements of A act on the coefficients of the polynomials of R as they act 
in the field K. The ring R is called a ring of difference- differential (or A-cr-) 
polynomials in the set of differential (A-ct-) indeterminates yi, . . . , j/s over K. 
This ring is denoted by K{yi, . . . ,ys} and its elements are called difference- 
differential (or A-cr-) polynomials. 

Let L = K{rii, . . . ,r]s) be a difference-differential field extension of K gener- 
ated by a finite set rj = {771, . . . , ?7s}. 

The following is a unified version of E. Kolchin's theorem on differential 
dimension polynomial and the author's theorem on the dimension polynomial 
of a difference field extension (see [7] or [Levin(2008) Theorem 4.2.5] ). 



Theorem 2.1 With the above notation, there exists a polynomial 4>T]\K{t) G 
Q[i] such that 

(i) 4'n\K{f) — trdegKK{{Xr]j\X G A(r),l < j < s}) for all sufficiently large 
r G Z; 

m+n ^ 

(ii) deg<p,^\f^ < m+n and can he written as 4'ri\K{t) — o,A . J 
where oq, . . . , am+n £ Z and 2"|a,„+„ . 



(iii) d — deg0j,|x, Om+n and ad do not depend on the set of difference- 
differential generators rj of L/K (ad 7^ Om+n if and only if d < m -\- n). 
Moreover, is equal to the difference- differential transcendence degree of 

L over K (denoted by A-a-trdegj^L), that is, to the maximal number of ele- 
ments Cii • ■ • I Cfe £ such that the family {A^^jA G A, 1 < i < fc} is algebraically 
independent over K . 

The polynomial whose existence is established by this theorem is called a 
difference- differential (or A-cr-) dimension polynomial of the extension L/K 
associated with the system of difference-differential generators rj. 
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3 Partitions of the basic set of derivations and 
the formulation of the main theorem 

Let K he a difference-differential field of zero characteristic with basic sets 
A = {Si,...,Srn} and a = {ai, . . . , Q!„} of derivations and automorphisms, 
respectively. Suppose that the set of derivations is represented as the union of 
p disjoint subsets (p > 1): 

A = Ai|J.--|jAp (3.1) 

where 

Ai = {5i, . . . , Smi}, A2 = {Smi + l, ■ ■ ■ , ^mi+m2}) • • • ) 
Ap = • • • , 5m}- (^1 H h TOp = TTl) . 

In other words, we fix a partition of the set A into p sets of derivations. 
If X = d'l^ ... d^a[^ . . . ajj" e A (fcj e N, Ij e Z), then the order of A with 

mi-\ \-mi 

respect to a set Aj (1 < i < p) is defined as ^ k^; it is denoted 

v=m\-\ \-nii—\-{-l 

by ordiX. (If i = 1, the last sum is replaced by fci + • ■ • + ^^1-) The number 

n 

order X = is called the order of A with respect to a. 

If ri , . . . , Tp+i e N, we set 

A(ri, . . . ,rp+i) = {A G A I ordiX < ri for i = 1, . . . ,p and orda-X < Tp+i}. 

In what follows, for any permutation {ji, . . . ,jp+i) of the set {1, . . . ,p+ 1}, 
<ii,...,ip+i will denote the lexicographic order on N^'+^ such that 
(ri, . . . ,rp+i) <ji,... {si: . ■ . . 'Sp+i) if and only if either rj^ < sj^ or there 
exists A; € N, 1 < A; < p, such that rj^ = sj^ for j/ = 1, . . . , A: and rj^_^_^ < Sj^_^_^ . 
Furthermore, if S C N^+^, then E' denotes the set 

{e G T,\e is a maximal element of S with respect to one of the {p + 1)! lexico- 
graphic orders <j,,...,j^+,}. For example, if E = {(3, 0, 2), (2, 1, 1), (0, 1, 4), (1, 0, 3), 

(1, 1, 6), (3, 1, 0), (1, 2, 0)} C N3, then E' = {(3, 0, 2), (3, 1, 0), (1, 1, 6), (1, 2, 0)}. 

Theorem 3.1 Let L — K{rii, . . . ^rjg) be a A-a-field extension generated by a 
set r] = {rji, . . . .rfs}. Then there exists a polynomial $,j(ti, . . . , ip+i) in (p + 1) 
variables ti,. . . , fp+i with rational coefficients such that 

s 

(i) $„(ri, . . .,rp+q) = trdegKK{[j A(ri, . . .,rp+i)r]j) 

j=i 

for all sufficiently large (ri, . . . , rp+i) G N^'^^ (i. e., there exist si, . . . , Sp+i G 
N such that the last equality holds for all (ri, . . . ,rp+i) G N^"*"^ with ri > 
si,.. . ,rp+i > Sp+i); 



5 



(ii) degti^ri < mi (1 < i <p) and degt^^^^rj < n, so that 
deg <m + n and . . . , tp+i) can be represented as 

where ai^,,,ip+i £ Z anrf 2" | ami.. 

(iii) Let E,^ . . . , ip+i) e N^+i | < ik < mk for k = l,...,p, 

< ip+i < n, and 0^^..^^^^ 7^ 0}. Then d = deg'^rj, o„ii...rnpn, elements 
(ki, . . . , fcp+i) G E'^, the corin.Hponding coefp,cients ai.i...k.p+i and the coefficients 
of the terms of total degree d do not depend on the choice of the system of 
A-a -generators rj. Furthermore, = A-a-tr.degKL. 

Definition 3.2 The polynomial $r((ii, • • • i^p+i) whose existence is established 
by Theorem 3.1 is called the difference- differential (or A-a-) dimension polyno- 
mial associated with the partition (3.1) of the basic set of derivations. 

The A-cr-dimension polynomial associated with partition (3.1) has the fol- 
lowing interpretation as the strength of a system of difference-differential equa- 
tions. 

Let us consider a system of partial difference-differential equations 

^i(/i,...,/.) = {i = l,...,q) (3.2) 

over a field of of functions in m real variables .ti, . . . , Xm (/i, . . . : f.s arc un- 
known functions of xi, . . . ,Xm)- Suppose that A = {5i, ... ,5m] where 5i is 
the partial differentiation d/dxi {i = 1, . . . , m) and the basic set of automor- 
phisms a = {ai, . . . , am} consists of m shifts of arguments, /(xi, . . . , Xm) >^ 
f{xi, . . . , Xi-i,Xi -\- hi, Xi-^-l, . . . , Xm) {1 < i < m, hi, . . . , hm are some real num- 
bers). Thus, we assume that the the left-hand sides of the equations in (3.2) 
contain unknown functions fi, their partial derivatives, their images under the 
shifts aj and various compositions of such shifts and partial derivations. Fur- 
thermore, we suppose that system (3.2) is algebraic, that is, all Ai{yi,. . . ,ys) 
are elements of a ring of A-cr-polynomials K{yi, . . . ,ys} with coefficients in 
some functional A-a-field K. 

Let us consider a grid with equal cells of dimension h\X - ■ -xhm that fills the 
whole space R™. Let us fix some node V say that a node Q has order i (with 
respect to V) if the shortest path from V to Q along the edges of the grid con- 
sists of i steps (by a step we mean a path from a node of the grid to a neighbor 
node along the edge between these two nodes). Say, the orders of the nodes in 
the two-dimensional case are as follows (a number near a node shows the order 
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of this node). 
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Let us fix partition (3.1) of the set of basic derivations A (such a partition can 
be, for example, a natural separation of (all or some) derivations with respect to 
coordinates and the derivation with respect to time) . Let us consider the values 
of the unknown functions /i , . • . , /s and their partial derivatives whose ith order 
(that is the order with respect to the derivations of the set A^) does not exceed 
ri {1 < i < p) at the nodes whose order does not exceed Vp+i (ri , . . . , rp+i G N). 
If /i, . . . , /s should not satisfy any system of equations (or any other condition), 
these values can be chosen arbitrarily. Because of the system (and equations 
obtained from the equations of the system by partial differentiations and trans- 
formations of the form fj {xi,. . . , Xm) fj {xi + kihi,. . . , Xm + kmhm) with 
ki,. . . ,km G Z, 1 < j < s), the number of independent values of the func- 
tions fi, . . . , fs and their partial derivatives whose ith order does not exceed 
''i (1 < i < p) at the nodes of order < Tp+i decreases. This number, which 
is a function of p + 1 variables ri, . . . ,rp+i, is the "measure of strength" of 

the system in finite differences in the sense of A. Einstein). We denote it by 
c 

'-'ri,...,rp+i • 

Suppose that the A-a-ideal J generated in K{yi, . . . , y^} by the A-u-polynomials 
Ai, . . . ,Aq is prime (e. g., the polynomials are linear). The we say that the sys- 
tem of difference-differential equations (3.2) is prime. In this case, the field of 
fractions L of the A-cr-integral domain K{yi, . . . ,ys}/J has a natural struc- 
ture of a A-(T- field extension of K generated by the finite set ry = {771, . . . , 775} 
where rji is the canonical image of yi in K{yi, . . . ,ys} / J {1 < i < s). It is 
easy to see that the A-cr-dimension polynomial $^(ti, . . . ,tp+i) of the exten- 
sion L/K associated with the system of A-cr-generators r] has the property that 
$^(ri, . . . ,rp+i) = Sri^...,rp+i for all sufficiently large (n, . . . ,rp+,) e Np+\ so 
this dimension polynomial is the measure of strength of the system of difference- 
differential equations (3.2) in the sense of A. Einstein. 

4 Numerical polynomials of subsets of N"* x Z" 

Definition 4.1 A polynomial f{ti, . . . ,tp) in p variables ti. . . . ,tp (p (zN.p > 
1) with rational coefficients is called numerical if f(ti, . . . ,tp) € Z for all suf- 
ficiently large {ti, ■ ■ ■ ,tp) G Zp . (Recall that it means that there exist integers 
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Si, . . . , Sp such that f{ri, . . . , rp) G Z as soon as (ri, . . . , Vp) £ TP and Vi > Si 
for all i — I, . . . ,p.) 

It is clear that every polynomial with integer coefficients is numerical. As 
an example of a numerical polynomial in p variables with noninteger coefficients 

(p G N,p > 1) one can consider a polynomial Y\ ( * I where toi, . . . , nip e N. 

t{t-l)...{t-k + l) . 



(As usual, y^j (fc G Z, fc > 1) denotes the polynomial 

one variable t, — 1, and = if fc is a negative integer.) 

The following theorem proved in j6] gives the "canonical" representation of 
a numerical polynomial in several variables. 

Theorem 4.2 Let f{ti, . . . ,tp) be a numerical polynomial in p variables 1 1 , . . . , ip , 
and let degt^ f — mi (mi, . . . , mp G Then the polynomial f(ti, . . . ,tp) can 
be represented in the form 



21=0 ip—0 



with integer coefficients ai-^,,,i^ (0 < ik < m^ for k = 1, . . . ,p) that are uniquely 
defined by the numerical polynomial. 

In what follows (until the end of the section), we deal with subsets of the 
set N™ X Z" (m and n are positive integers). Furthermore, we fix a partition 
of the set N,„ = {!,..., m} into p disjoint subsets {p > 1): 

N„ = {1, . . . , mi} |J{toi + 1, . . . , mi+TO2} |J • ■ • |J{™iH hrrip-i + l, . . . , m} 

(4. 2) 

(mi + • ■ • + mp ~ m). 



If g ~ (oi , . . . , Qm+n) £ N™ X Z" we denote the numbers Oj , ^ Oi,..., 

i—l i—rni + 1 

5Z $Z l*^' ! '^■^ ordia, . . . ,ordp+ia, respectively. 

i=miH h?Tip_i + l i—m-\-l 

As in [6, Section 2.5], let us consider the set Z" as a union 

Z" = IJ Z^") (4. 3) 

l<j<2" 

where Zi"\ . . . , Zj"'' are all different Cartesian products of n sets each of which 

is either N or Z_ = {fc G Z | fc < 0}. We assume that Z^"^ = N" and caU Z^"^ 
the jth orthant of the set Z" (1 < j < 2"). Furthermore, we consider N™ x Z" 
as a partially ordered set with the order < such that (ei, . . . , em, fi, ■ ■ ■ , fn) ^ 



8 



(e'l, ...,e'^,f[,..., /;j if and only if (/i, . . . , /„) and (/{, . . . , //J belong to the 
same orthant Z^"'' (1 < fc < 2") and the (m + n)-tuple (ei, . . . , e™, |/i|, . . . , |/„|) 
is less than (e'^, . . . , e^, |/{|, . . . , with respect to the product order on 



In what follows, for any set A C N™ x Z", Wa will denote the set of all 
elements of N™ x Z" that do not exceed any element of A with respect to 
the order <. (Thus, w e Wa if and only if there is no element a e A such 
that a < w.) Furthermore, for any ri, . . . r^+i G N, A(ri, . . . Vp^i) will denote 
the set of all elements x = {xi, . . . , Xm, x[, . . . , x'^) S A such that ordiX < ri 



The above notation can be naturally restricted to subsets of N™ . If C N™ 
and si, . . . ,Sp are nonnegative integers, then E{si, . . . , Sp) will denote the set 
of all m-tuples e = (ei, . . . , Cm) G E such that ordi{ei, . . . , e™, 0) < Si for 
i = 1, . . . ,p. Furthermore, we shall associate with a set E C N™ a set Ve C 
N™ that consists of all m-tuples v = {vi, . . . ,Vm) G N that are not greater 
than or equal to any m-tuple in E with respect to the product order on N™. 
(Recall that the product order on N™ is a partial order <p on N™ such that 
c = (ci, . . . , Cm) <p c' = {c[, . . . , c') if and only if Ci < c[ for alH = 1, . . . , m. If 
c <p c' and c 7^ c', we write c <p c' ). Clearly, an element v = {vi, . . . € 
N™ belongs to Ve if and only if for any element (ei, . . . , e„i) G E there exists 
i € N, 1 < z < m, such that > Vi. 

The following two theorems proved in [SJ Chapter 2] generalize the well- 
known Kolchin's result on the numerical polynomials associated with subsets of 
N (see [3 Chapter 0, Lemma 17]) and give the explicit formula for the numerical 
polynomials in p variables associated with a finite subset of N™ . 

Theorem 4.3 Let E be a subset o/N™ where m — mi + ■ ■ ■ + mp for some non- 
negative integers mi, . . . , mp (p > I). Then there exists a numerical polynomial 
UJE(ti, . . . ,tp) with the following properties: 

(i) W£:(ri, . . . , Tp) = Card Ve(ri, . . . , Tp) for all sufficiently large (ri, . . . , r^) G 

NP 

(as usual, CardM denotes the number of elements of a finite set M ). 

(ii) The total degree of the polynomial uje does not exceed m and degt^uJE < 
m,i for all i = I, . . . ,p. 



(iv) u)E is a zero polynomial if and only i/ (0, . . . , 0) G E. 

Definition 4.4 The polynomial uJE{ti, . . . , tp) whose existence is stated by The- 
orem 4-3 is called the dimension polynomial of the set E C N™ associated with 
the partition (mi,...,mp) of m. If p — I, the polynomial loe is called the 
Kolchin polynomial of the set E. 

Theorem 4.5 Let E = {ei, . . . , e^} be a finite subset of^"^ where q is a posi- 
tive integer and m = mi -|- • • • -|- mp for some nonnegative integers mi, . . . , mp 



{i = l,...,p + l). 



(iii) deg Lo E = m if and only if the E = ^ . ThencjEifi, . . . ,tp) ~ 
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(p ^ IJ- Let Ci ~ {en, . . . , eim) A < * < (zj ctnd for any l€'N,0<l<q, 
let T(l,q) denote the set of all l-element subsets of the set Ng = {1, . . . ,q}. 
Furthermore, for any a G T{l,q), let Ca-j = ma.x{eij\i £ ct} (1 < j < rn) and 

baj = ^ eah- Then 

heaj 

Remark. It is clear that if E is any subset of N™ and E* is the set of aU 
minimal elements of the set E with respect to the product order on N™, then the 
set E* is finite and ujE[t\, . . . ,tp) = uje* {ti, . . . , tp). Thus, Theorem 4.3 gives 
an algorithm that allows one to find a numerical polynomial associated with 
any subset of N™ (and with a given partition of the set {1, . . . , m}): one should 
first find the set of all minimal points of the subset and then apply Theorem 
4.3. 

The following result can be obtained precisely in the same way as Theorem 
3.4 of (the only difference is that the proof in the mentioned paper uses 
Theorem 3.2 of [5] in the case p = 2, while the proof of the theorem below 
should refer to the Theorem 3.2 of [S] where p is any positive integer). 

Theorem 4.6 Let A be a subset o/N'" x Z" and let partition (4.2) of the set 
N,„ be fixed. Then there exists a numerical polynomial (f>Aiti, ■ ■ ■ , tp+i) in p+1 
variables ti, . . . , tp+i with the following properties. 

(i) (ri , . . . , Tp+i) = CardWA{ri, . . . , ?'p+i) for all sufficiently large 
(ri,...,rp+i) eNf+i. 

(n) degt^4>A < for i = 1, . . . ,p and degt^^^(t>A < n. 

(iii) Let us consider a mapping p : N™ x Z" — > ]\jm+2n g^^/j ff^^ 

p{{ai, . . . ,a„i+„) = (ai, . . . , a„i, max{a„i+i, 0}, . . . , max{-a„i+i, 0}, 
max{a,„+„, 0}, . . . , max{ 0}). 

Let B ~ p{A)[J{ei, . . . , Cn} where et (1 < i < n) is a (m + 2n)-tuple 
in N™"*"^" whose (m + i)th and (m + n + i)th coordinates are equal to 1 and 
all other coordinates are equal to 0. Then (j)A{ti, . . . ,ip+i) — LOsiti, . ■ . ,^p+i) 
where usiti, . . . ,ip+i) is the dimension polynomial of the set B (see Definition 
4.4j associated with the partition 'Nm+2n = {1, • ■ • , Ui'^i + l,...,mi + 
W2} U • ■ • U{'^l^ + ■ . ■,m} [j{m+l, . . . ,m+2n} of the set N,n+2n- 

(iv) If A = ^, then 

Mtu. . . , tp,,) . +;^^) . . . i^^^ g^-^)""^'' (I) C'"^ ^ • 

(v) (t>Aiti,. . .,tp+i) =0 if and only i/ (0, ... ,0) G A. 
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5 Proof of the main theorem and computation 
of difference-differential dimension polynomi- 
als via characteristic sets 

In this and next sections wo prove Theorem 3.1 and give two methods of compu- 
tation of difference-differential dimension polynomials of A-cr-field extensions. 
One of them is based on constructing a characteristic set of the defining prime 
A-(T-ideal of the extension; the other approach is the computation of the dimen- 
sion polynomial of the associated module of Kaller differentials via (generalized) 
Grobner basis method. Both approaches use total term orderings with respect 
to several orders defined by partitions of the basic sets of derivations and auto- 
morphisms. 

In what follows we use the notation and conventions introduced at the be- 
ginning of section 3. In particular, we assume that partition (3.1) of the set of 
basic derivations A = . . . . (5™} is fixed. 

Let us consider p + 1 total orderings <i, . . . , <p, of the set of power 
products A such that 

A = (5^ . . . d'^a[' ...a^^ <, A' = (5^ . . . d'^a} . . . ajf (1 < i < p) if and only if 
{ordiX, ordX, ordiX, . . . , ordi-iX, ordi+iX, . . . , ordpX, ordaX, kmi-\ ■ • • , 

^miH h^ii 5 ^1 ; • ■ • ; ^mi H \-mi — i 5 ^miH \-mi + l 5 ■ • ■ 7 5 1^1 1 ; • ■ • ; l^n 1 5 ^1 ? • • • 5 ^n) is 

less than {ordiX', ordX', ordiX', . . . , ordi-iX', ordi+iX', . . . , ordpX' , ord„X', 
y h' y y y 

'^miH hnii-i + l' ■ • ■ ' miH hmi ' "^l' ' • ' 1 ""miH ^ "'miH hm. + l' ' " " ' 

^m. I'll: ■ • • : ICMi: ■ • ■ >0 with respect to the lexicogTapliic Order on N™+2"+P+2 . 

Similarly, A X' if and only if (order A, ordX, ordiX, . . . , ordpX, . . , |/„|, 

h, . . . ,ln,ki, . . . , km) is less than the corresponding {m + 2n + p + 2)-tuple for 
A' with respect to the lexicographic order on N™+2"-Fp-l-2_ 

Two elements Ai = S'[^ . . . f^fy^a'^^ • ■ • ^L" and A2 = . . S^a^^ . . . a^" in 
A are called similar, if the n-tuples {h, ...,/«) and (si, . . . , s„) belong to the 
same orthant of Z" (see (4.3) ). In this case we write Ai ~ A2. We say that Ai 
divides A2 (or A2 is a m,ultiple of Ai) and write A1IA2 if Ai ~ A2 and there exists 
A € A such that A ^ Ai and A2 = AAi. 

Let if be a difference-diff^erential field {Char K = Q) with the basic set A IJ a 
described above and let partition (3.1) of the set A be fixed. Let K{yi, . . . , yg} 
be the ring of A-cr-polynomials over K and let KY denote the set of all elements 
Xyi (A G A, 1 < i < s) called terms. Note that as a ring, K{yi, . . . ^y^} = 
K[KY]. Two terms u = Xyi and v = X'yj are called similar if A and A' are 
similar; in this case we write u ^ v. If u = Xyi is a term and A' £ A, we say 
that u is similar to A' and write u ~ A' if A ~ A'. Furthermore, \iu,v S AF, we 
say that u divides v or v is a multiple of u, \iu = Xyi, v = X'yi for some yi and 
A|A'. 
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Let us consider p + 1 orders <i, . . . , <p, on the set Ay that correspond 
to the orders on the semigroup A (we use the same symbols for the orders on A 
and AF). These orders are defined as follows: \yj <i (or <„) \'yk if and only 
if A <i (respectively, <a)X' in A or A = A' and j < k {I < i < p, 1 < j ,k < s) . 

The order of a term u = Xyk and its orders with respect to the sets 
(1 < i < p) and a are defined as the corresponding orders of A (we use the same 
notation ordu, ordiU, and ord^ for the corresponding orders). 

If A G K{yi, . . . ,ys} \ K and I < k < p, then the highest with respect to 
<k term that appears in A is called the k-leader of the A-a-polynomial A. It is 
denoted hy u\ . The highest term of A with respect to <o- is called the a-leader 
of A; it is denoted by va- 

If A is written as a polynomial in va, A — Id{vA)'^ + Id-i{vA)'^ ^ + • ■ • + -^Oi 
where all terms of Iq,.. .,Id are less than va with respect to <o-, then Id is 
said to be the initial of A. The partial derivative of A with respect to va-, 

dA/dvA = dId{vAY~^ + {d — l)Id-i{vA)'^~'^ H \- Ii, is called the separant of 

A. The leading coefficient and the separant of a A-cr-polynomial A are denoted 
by I A and Sa, respectively. 

If A,B € K{yi, . . . , j/s}, then A is said to have lower rank than B (we write 
rk A < rk B) if either A ^ K, B ^ K, or {va, deg^^^A, ordiu"^ , . . . , ordpuj^^) is 
less than {vB,deg^gB^ordiu"^ , . . . ,ordpUg'') with respect to the lexicographic 
order (va and vb are compared with respect to 

If the vectors are equal (or A,Bg K) we say that A and B are of the same 
rank and write rk A — rk B. 

Definition 5.1 If A, B G K{yi^ . . . ,ys} , then B is said to be reduced with 
respect to A if 

(i) B does not contain terms Xva such that A ~ va, Aa 1, and ordi{\u'^) < 
ordiU^g for i — 1, . . . ,p. 

(ii) If B contains a term Xva, where X ^ va, Aa = 1, then either there 
exists j, 1 < J < p, such that ordjU^^ < ordj{Xu'^) or ordj{Xu^^) < ordjU^^ 
for all j — 1, . . . ,p and deg\^^B < deg^j^^A. 

If G K{yi, . . . ,ys}, then B is said to be reduced with respect to a set 
5^ C K{yi, . . . ,ys} if B is reduced with respect to every element of S. A set 

E C K{yi, . . . ,ys} is called autoreduced if E P| if = and every element of E is 
reduced with respect to any other element of this set. 

The proof of the following lemma can be found in [5J Chapter 0, Section 

17]. 

Lemma 5.2 Let A be any infinite subset of the set N™ x N„ (m,n G N, n > 
1). Then there exists an infinite sequence of elements of A, strictly increasing 
relative to the product order, in which every element has the same projection on 
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This lemma immediately implies the following statement that will be used 
below. 

Lemma 5.3 Let S be any infinite set of terms Xijj (X €z A^,l < j < s) in the ring 
K{yi, . . . , j/s}. Then there exists an index j < j < s) and an infinite sequence 
of terms Xiyj, A2t/j, . . . , Xkyj, ■ ■ ■ such that Afe|Afe+i for every k = 1,2, 

Proposition 5.4 Every autoreduced set is finite. 

PROOF. Suppose that S is an infinite autoreduced subset of K{yi, . . . , ys}. 
Then S must contain an infinite set E' C S such that all A-cr-polynomials from 
E' have different cr-lcaders similar to each other. Indeed, if it is not so, then there 
exists an infinite set Ei C E such that all A-cr-polynomials in Ei have the same 
CT-leader v. By Lemma 5.2, the infinite set {(ordiu^^ . . . ,ordpu'^^)\A e Ei} 
contains a nondecreasing infinite sequence (ordiu^^^ . . . , ordpU^^) <p (ordiu^], 

. . . ,or(ipW^]) <p . . . {Ai,A2, ■ ■ ■ € El and <p denotes the product order on 
N^) such that VAi\vAi+i- Since the sequence {degyAi\i = 1,2,...} cannot 
be strictly decreasing, there exists two indices i and j such that i < j and 
deg,,^^ Ai < degy^ Aj. We obtain that Aj is reduced with respect to Ai that 
contradicts the fact that E is an autoreduced set. 

Thus, we can assume that all A-cr-polynomials of our infinite autoreduced 
set E have distinct cr-leaders. By Lemma 5.3, there exists an infinite sequence 
Bi,B2, ■ ■ ■ of elements of E such that VBi\vBi+i for all i = 1,2,.... Let 

kij = ordaVBi and Uj = ordju'^g, (1 < J < p)- Obviously, lij > kij (i = 
1,2, . . . ; j = 1, . . . so that {{hi -kii,...,kp- kip)\i = 1,2, . . . } C N^. By 
Lemma 5.2, there exists an infinite sequence of indices ii < i2 < ... such that 
ihii-ki^i,...,li^p-ki^p) <p {k^i - h^i, ... ,li2p - ki^p) <p Then for any 

j = 1, . . . ,p, we have ordj ( ^Bi-^ ) ~ ^»2j ~ "I" ^iii — ^i^j "I" ^i^i ~ ^i2j ~ 

li^j = ordjU^^^ , so that contains a term Ai^^.^ = vb^^ such that A ^ 1 

and ordj{Xu'^, ) < ordjU^^, for j = 1, . . . ,p. Thus, the A-a-polynomial is 
reduced with respect to that contradicts the fact that E is an autoreduced 
set. 

Throughout the rest of the paper, while considering autoreduced sets in the 
ring K{yi, . . . , j/g} we always assume that their elements are arranged in order of 
increasing rank. (Therefore, if we consider an autoreduced set of A-polynomials 
E = {Ai, . . .,Ar.}, then rfc Ai < • • • < rkA^). 

Theorem 5.5 Let E = {Ai,...,A4} he an autoreduced set in the ring R = 

K{yi, . . . ,ys} and let Lk and Sk denote the initial and separant of Ak, respec- 
tively. Furthermore, let /(E) = {X S K{yi, . . . , yg} \ X = 1 or X is a product of 
finitely many elements of the form ^ (Ik) and')'{Sk) where € h-rr}. Then for 
any A-a -polynomial B, there exist Bq € K{yi, ■ . ■ , J/s} and J G /(E) such that 
Bq is reduced with respect to E and JB = Bq (mod[E]) (that is, JB — Bq G [E] 
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PROOF. If B is reduced with respect to S, the statement is obvious (one 
can set Bq = B). Suppose that B is not reduced with respect to S. Let u^^^ 
and Vi {1 < j < p, 1 < i < d) he the leaders of the element Ai relative to the 
orders <j and <cr, respectively. In what follows, a term wh, that appears in 
a A-cr-polynomial H £ R, will be called a S-leader of H if wh is the greatest 
(with respect to term among all terms Xvi {1 < i < d) such that A v,, 
Xvi appears in H and either Aa 7^ 1 and ordj(Au-"'^) < ordjU"^ for j = l,...,p, 
or Aa = 1. ordj{Xti'"p) < ordjv'"^ (1 < j < p), and degy.Ai < deg\y.H. 

Let be the S-leader of B. Then the A-cr-polynomial B can be written 
as B = B'w'^g + B" where B' does not contain wb and deg^gB" < r. Let 
wb = Xvi for some i {1 < i < d) and for some A € A, A ~ wb ~ Vi, such 
that ordj(Aup^) < ordjU^g for j = Without loss of generality we 

may assume that i corresponds to the maximum (with respect to the order 
cr- leader Vi in the set of all (j- leaders of elements of S. 

Suppose, first, that Aa 7^ 1 (and ordj{Xu'f^) < ordjU^^ for j = l,...,p). 
Then Aa^i — SiX^Vi has lower rank than Aa^i, hence T = XAi — Xa{Si)Xvi has 
lower rank than Aw, = wb- Also, {X^{S,)yB = {X„{Si)Xv^Y B' + {Xa{Si)Y B" = 
{XAi - TYB' + {Xc,{Si)YB". Setting B^^) = B'{-TY + {X^{Si)YB" we obtain 
that B^^^ = Bmod\Tj\, B^^^ is reduced with respect to S in the sense of Defi- 
nition 5.1, B^^-* does not contain any E-leader, which is greater than wb with 
respect to <<j, and degyj^B'-^^ < r. 

Now let Aa = 1, ordj(Aup^) < ordjUg^ (1 < j < p), and Vi < r where 
rj = degv-Ai. Then the A-a-polynomial {XIi)B — w^^'^' {XAi)B' has all the 
properties of B^^^ mentioned above. Repeating the described procedure, we 
arrive at a desired A-a-polynomial Bq that does not contain any S-leader (so 
it is reduced with respect to E) and satisfies the condition JB = Bq {mod[T,]) 
where J = 1 or J is a product of finitely many elements of the form 7(/fe) and 
j'iSk) (7,7' G A.). 

With the notation of the last theorem, we say that the A-u-polynomial B 
reduces to Bq modulo S. 

Definition 5.6 Let E = {Ax, . . . , A^} and S' = . . . , i?e} be two autore- 
duced sets in the ring of differential polynomials K{y-i, . . .,ys}. An autoreduced 

set S is said to have lower rank than S' if one of the following two cases holds: 

(1) There exists k € N such that k < minjd, e}, rk Ai = rk Bi for i = 
1, . . . , A; — 1 and rkAk < rkB/-. 

(2) d > e and rk Ai = rk Bi for i = 1, . . . , e. 

If d = e and rk Ai = rk Bi for i = 1, . . . ,d, then E is said to have the same 
rank as T,'. 

Proposition 5.7 In every nonempty family of autoreduced sets of differential 
polynomials there exists an autoreduced set of lowest rank. 

PROOF. Let $ be any nonempty family of autoreduced sets in the ring 
K{yi, . . . ,ys}- Let us inductively define an infinite descending chain of subsets 
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of $ as follows: $o = 3', 'I'l = {S G ^o\'^ contains at least one element and the 
first element of S is of lowest possible rank}, . . . , <I>fc = {E £ <I>fe_i|S contains 
at least k elements and the A:th element of S is of lowest possible rank}, .... It 
is clear that if A and B are any two A-cr-polynomials in the same set $/c, then 
VA = vb, degyj^A = deg^gB, and ordiu"^ = ordiu'^g for i = 1, . . . ,p. Therefore, 
if all sets are nonempty, then the set {Afcj^fc is the kth element of some 
autoreduced set in $fe} would be an infinite autoreduced set, and this would 
contradict Lemma 5.3. Thus, there is the smallest positive integer k such that 
$fc is empty. It is clear that every element of $fe_i is an autoreduced set of 
lowest rank in $. 

Let J be any ideal of the ring K{yi, . . . , j/^}. Since the set of all autoreduced 
subsets of J is not empty (if A e J, then {A} is an autoreduced subset of J), 
the last statement shows that the ideal J contains an autoreduced subset of 
lowest rank. Such an autoreduced set is called a characteristic set of the ideal 
J. 

Proposition 5.8 Let S = {^i, . . . , A^} be a characteristic set of a A-a-ideal J 
of the ring R = K{yi^ . . . , y^}. Then an element B £ R is reduced with respect 
to the set S if and only if B — 0. 

PROOF. First of aU, note that if B ^ and r/c B < rkAi, then rk {B} < 
rk E that contradicts the fact that E is a characteristic set of the ideal J. Let 
rk B > rk Ai and let Ai,. . . ,Aj {1 < j < d) be all elements of E whose rank 
is lower that the rank of B. Then the set E' — {Ai, . . . , Aj, B} is autore- 
duced. Indeed, by the conditions of the theorem, A-cr-polynomials Ai, . . . , Aj 
are reduced with respect to each other and B is reduced with respect to the set 
{Ai, . . . ,Aj}. Furthermore, each Ai {1 < i < j) is reduced with respect to B 
because rk Ai < rk B. Since rfc E' < r/c E, E is not a characteristic set of J that 
contradicts the conditions of the theorem. Thus, B = 0. 

Now we can introduce the concept of a coherent autoreduced set of a linear 
A-cr- ideal of K{yi, . . . ,ys} (that is, a A-cr-ideal generated by a finite set of 
linear A-cr-polynomials) in the same way as it is defined in the case of difference 
polynomials (see Section 6.5]): an autoreduced set E = {Ai, . . . ,Ad} C 
K{yi, . . . , j/s} consisting of linear A-a-polynomials is called coherent Hit satisfies 
the following two conditions: 

(i) XAi reduces to zero modulo E for any A G A, 1 < i < d. 

(ii) If VAi ^ VAj and w = Au^. = X'vaj , where A ^ A' ^ . ^ va^ , then 
the A-cr-polynomial (A'/^^)(AAi) — (A/^J(A'Aj) reduces to zero modulo E. 

The following two propositions can be proved precisely in the same way as 
the corresponding statements for difference polynomials, see [6l Theorem 6.5.3 
and Corollary 6.5.4]). 

Proposition 5.9 Any characteristic set of a linear A-a-ideal of the ring of A- 
a -polynomials A'{yi, . . . ,?/<,} is a coherent autoreduced set. Conversely, if T, is a 
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coherent autoreduced set in K{yi, . . . ,ys} consisting of linear A-a -polynomials, 
then E is o characteristic set of the linear A-cr -ideal [S]. 

Proposition 5.10 Let us consider a partial order =4 on K{yi, . . . , y^} such that 
A =4 B if and only ifvA\vB- Let A be a linear A-a -polynomial in K{yi, . . . ,ys}\ 
K . Then the set of all minimal with respect to =4 elements of the set {XA | A € A} 
is a characteristic set of the A-a-ideal [A]. 

Now we are ready to prove Theorem 3.1. 

PROOF. Let L = K{r]i, ■ ■ ■ ,r]s) be a A-cr-field extension of K generated by 
a finite set rj = {r]i, . . . ,r]s}. Then there exists a natural A-cr-homomorphism 
of the ring of A-cr-polynomials K{yi, . . . , j/g} onto the A-cr-subring K{rii, . . . , r/g} 
of L such that T^(a) = a for any a € K and T^(j/j) ~ rjj for j = 1, . . . , n. (If 
A € K{yi, . . . , r/s}, then T^(A) is called the value of A at 77 and it is denoted 
by A{ri).) Obviously, the kernel P of the A-tr-homomorphisni is a prime 
A-(T-ideal of the ring K{yi, . . . , ys}- This ideal is called the defining ideal of f] 
over K or the defining ideal of the A-cr-field extension G — K{rji, . . . , r]s)- It is 
easy to see that if the quotient field Q of the factor ring R = K{yi, .... ys} /P 
is considered as a A-cr-field (where ^{^) = f^(3)-jsig) — l(Zl for any 

f,g € R, 5 e A, T e a*), then this quotient field is naturally A-ct- isomorphic 

to the field L. The A-cr-isomorphism of Q onto L is identity on K and maps 
the images of the A-cr-indeterminates yi, . . . ,ys in the factor ring R onto the 
elements r/i, . . . ,r]s, respectively. 

Let S = {Ai, . . . ,Ad} be a characteristic set of the defining A-cr-idcal P. 
For any ri, . . . ,rp+i S N, let us set i7ri...rp+i = {u G AY\ordiU < ri for i = 
1 , . . . , p+1 and either u is not a multiple of any . or for every X G A,A gT, such 
that u = Xva and A ^ va, there exists j £ {1, . . . ,p} such that ordj{Xu^^) > 
Tj}. (For shortness, here and below we sometimes write <i+i instead of <a-) 

We are going to show that the set Uri...rp = {u{i])\u e C/ri...rp} is a tran- 



First of all, let us show that the set C/ri...rp+i is algebraically independent 
over K . Let 5 be a polynomial in k variables (fc G N, fc > 1) such that 
g{ui{r]), . . . ,Ukir])) = for some elements ui....,Uk G C/ri...rp+i- Then the 
A-cr-polynomial g ~ g{ui, . . . , Uk) is reduced with respect to E. (Indeed, if g 
contains a term u = XvAi with A £ A, A ~ VAi (1 < * < <i), then there exists 
k G {1,. . .,p} such that ordfe(Au^,^) > rk > ordkU^^). Since g G P, Proposi- 
tion 5.8 implies that ^ = 0. Thus, the set Uri...rp is algebraically independent 
over K. 

Now, let us prove that every element Xrjj (1 < i < s, A € A(ri, . . . , T"p-|-i)) is 

algebraic over the field ii'(C7ri,...,rp+i)- Let Xr]j ^ Uri,...,rp+i (if Xrjj G Uri,...,rp+n 
the statement is obvious). Then Xyj ^ Uri^...^rp whence Xyj is equal to some 

term of the form X'vAi where A' G A, A ~ VAi (1 < « < d), and ordk{X'u^^^) < 
for k = I, . . . ,p. Let us represent Ai as a polynomial in VAi- Ai = Jo(fAi)*^ + 
hivAiY'^ H \-Ie, where Io,h,.. .le do not contain VAi (therefore, all terms 



n 
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in these A-cr-polynomials are lower than w^. with respect to the order <„). 
Since Ai e P, 



^,(ry) = hmvAMT + h{ri){vAM) +■■■ + hiv) = 



(5. 1) 



It is easy to see that the A-cr-polynomials Iq and = dAi / dvAi are reduced 
with respect to any element of the set E. Applying Proposition 5.8 we obtain 
that Iq ^ P and SAi ^ P whence Io{r]) ^ and SAiiv) 0- Now, if we 
apply A' to both sides of equation (5.1), the resulting equation will show that 
the element X'vAi{r]) = Xrjj is algebraic over the field K{{\r}i\ordiX < Vi for 
i = 1, . . . ,p + 1\1 < I < s, and Ay; A'u^^ = Aj/j}. Now, the induction on 
the set of terms NY ordered by the relation <„ completes the proof of the fact 

s 

that lJri...rp+i{'n) is a transcendence basis of the field .?^'([^ A(ri, . . . , rp+i)?7j) 
over K. 

Let Url\.rp+i = {w G AY\ordiU < for i = 1, . . . , p+1 and u is not a multiple 

(2) 

of any VAj , j = 1, . . . ,d} and Uri...rp+i = {u E AY\ordiU < Vi for i = 1, . . . ,p-|-l 
and there exists at least one pair i, j {1 < i < p, ^ 1^ j 1^ d) such that u = Xva , 



A ~ 



VAj, and ordj(AM^^) > rj. Clearly, C/ri...rp4 

By Theorem 4.6, there exists a numerical polynomial 4){ti, . . . , tp+i) in 1 
variables ti, . . . ,tp+i such that 0(ri, . . . , fp+i) = CardUrll.rp+i for all suffi- 



^(1) 



and 



ciently large (ri . . . rp+i) S N*'+-^, degtiCj) < rrii for i = 1, . . . ,p, and degt^^^cj) < 
11. Thus, in order to complete the proof of the theorem, we need to show that 
there exists a numerical polynomial ip{ti, . . . , tp+i) in p+ 1 variables ti, . . . , tp+i 

such that tp{ri, . . . , r^+i) = CardUri...rp+i for all sufficiently large (ri . . . r^+i) G 
NJ'+\ degtiiJ < mj for i = 1, . . . ,p, and degt^^^'^) < n. 



Let ordiVAj = a 
1, . . . ,d, (clearly, Uij 



ordi 



< h 



for 



bij, and ord^t^Aj 



c-j for 



1, • • ■ 



1, 



1, . . . ,d). Furthermore, for 



any q — l,...,p and for any integers ki,...,kq such that 1 < fci < 



kg < p, let Vj■k^,...,k^irl,...,rp+l) = {Awa,|A 



VA,: 



ordi A < 



• < 

for 



,p, order X < Tp+i — Cj, and ordkX > rk — hkj if and only if k is 
equal to one of the numbers fci, . . . , kq}. Using Theorem 4.3(iii) we obtain that 
CardVy^ki,...,kg{ri, ■ ■ ■,rp+i) = (pj;ki,...,k,in, ■ ■ ■ , rp+i), where 0j-ku....k,iti, 
tp+i) is a numerical polynomial in p variables ti, . . . , tp+i defined by the formula 



<Aj;fci,...,fe<,(tl, • ■■,tp) = 



ti + nil — a 
mi 



tki + ruki - flfci j\ _ ftki + iriki - hi, J 



ifei-i + TOfei-i - o-ki-ij 

TOfei-l 

tki+i + mti+i — dki+ij 
rriki+i 



tkg-i + mkg-i - akg-i,j 
\ mka-i 



tkg + mkg - Ofe^j 



tkg + TOfe, - 
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/'tp + rUp — apj\ / tp+i + n — Cj 
" ' \ rnp J\ n 
Clearly, degti(t)j-ki,- ;K < rrii ior i = I, . . . ,p and degt^^i(t>r,ki,...,k, < n. 

Now, for any j = l,...,d, let V, (ri, . . . , rp+i) = {Aw^JA ~ va^, ordiX < 
fi — Clij for i = orda-X < Tp+i — cj, and there exists fc S N, 1 < 

k < p, such that ordkX > — 6/cj}. Then the combinatorial principle of 
inclusion and exclusion implies that CardVj{ri, . . . ,rp+i) = 4>j{ri, . . . ,rp+i), 
where (ti, . . . , ip+i) is a numerical polynomial in p + 1 variables ti,. . . , tp+i 
defined by the formula 

p 

(j)j{ti, . . . ,tp+i) = ^ (/)j;fei(fi, . . . ,ip+i)- ^ (/)j;fei,fe2(ii, • • • ,ip+i)H 1- 

fcl=l l<fel<fc2<p 

i~^T~^ X] (l^j;ku...,k„{tl, ■ ■ ■,tp+l) H h (-lF?5'j;l,2,...,p(il, • • • ,^p+l)• 
l<fcl<...fe,,<p 

(5. 3) 

It is easy to see that degtiCj)^ < rui for i = 1, ... ,p and degt^^i(l>j < n. 
Applying the principle of inclusion and exclusion we obtain that 

d d 

CardU^'^l^^^^^ = Card |J Vj{ri, . . . ,rp+i) = ^CardVjin, . . . ,rp+i) 
- ^ Card{Vj,iri,...,rp+i)f]Vj^iri,...,rp+i)) + --- + 

i<ji<j2<d 

d 

{-if-^Card fl K(ri,...,rp+i), (5. 4) 

so it is sufficient to prove that for any s = 1, . . . ,d and for any indices ji, . . ■ ,js, 
l<ji<---<js<d, Card{Vj,{ri, . . . ,rp+i)f] - ■ -(^Vj^in, . . . ,rp+i)) = 

• • • , ?"p+i), where <pj^^,,,j^{ti, . . . ,tp+i) is a numerical polynomial in 
p+1 variables ti, . . . ,tp+i such that degti(l)ji,...j^ < rrii for i = l,...,p and 
degtp^i(t>]i,...,3s < ■ra- 
it is clear that the intersection Vj^ (ri, . . . , Tp+i) C\ - ■ •C\Vj^{ri, . . . , rp+i) is 
not empty (therefore, ^ 0) if and only if the leaders va^ ,...,VAj^ 

contain the same A-cr-indetcrminatc jji {1 < i < s) and they are all similar 
to each other. Let us consider such an intersection and let v{ji, . . . ,js) = 
lcm{vAj^ ,.. ., VAj^ ) (this least common multiple of similar to each other terms 
is defined in a natural way, as the smallest with respect to <a common multiple 
of VAj^ , • • • , VAj^ )• Let elements 71, . . . , 7s G A be defined by the conditions 
v{h,- ■ • ,is) = li^VAj^ and 7^ ~ va^^ {u = 1,...,s). 

Then Vj^ (ri, . . . , rp+i) f] - ■ ■f]Vj^{ri, . . . , Vp+i) is the set of all terms u = 
Xv{ji, . . . ,js) such that u ~ v{ji, . . . ,js), ordiU < (that is, ord,A < rj — 



(5. 2) 
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ordiv{ji, . . . ,js)) for z = 1, . . . ,p, ord„u < Tp+i, and for any I = 1, . . . , ,s, there 
exists at least one index k e {!,..., p} such that ordk{X^iv}^^ ) > (i. e., 

ordkX > rfe - ordkv{ji, ...,js)- ordku''^^ + ordkVA,, )■ 

Setting = ordiv{ji, . . . , j^) (1 < i < p), 4f^.^_j-^ = ordav{ji, . . 

and applying the principle of inclusion and exclusion once again, we obtain that 
Card njy=i ^ji. (''1? • • • : ^p+i) is an alternating sum of terms of the form 
CardW{ji,...,js ; fell, ki2, . . . , kiq^ , ^21 J • • • , ksg^ ; ri, . . . , Vp^i) where 
W{ji,. . . fcii, fci2, . . . , fcigi, fc2i, . . . , ksq/,ri, fp+i) denotes the set 

{A e A|A ~ v{ji, . . . ordiX < u - c^'l,,,j^ for i = 1, . . . ,p, ord^X < Vp+i - 

^^'^ ^^"^ I = 1, . . . ,s,l < k < p, ordkX > Tfc - c'^'l],„j^ + akj, - bkji if 
and only if k is equal to one of the numbers kn, . . . fcjq, } 

{qi, . . . ,qs are some positive integers in the set {1, . . . ,p} and < i < s, 1 < 

ly < Qs} is & family of integers such that 1 < fcji < fcj2 < • • ■ < < p for 
i = l,...,s). 

Thus, it remains to show that Card W{ji , . . . ,js] kn, . . . , kgg^ ; ri, . . . , Tp+i) = 
'^k[i','.'.ik,g^ (^1, • • • , rp+i) where {h, . . . , tp+i) is a numerical polyno- 

mial in p + 1 variables ti, . . . , tp+i whose degrees with respect to (1 < * < p) 
and tp+i do not exceed rm and n, respectively. But this is almost evident: as in 
the evaluation of CardVj-ki,...,kq{ri, ■ ■ ■ , (when we use Theorem 4.3 (iii) 

to get formula (5.3)), we see that CardW{ji, . . . , j^; fcn, . . . , ksg^;ri, . . . ,rp) is a 

fr +i+n- c^'^^^- \ frk + ruk — c'^''^ ■ - 5* 
product of terms of the form I ^ | or ( 

V n J \ mk 

(the last term corresponds to an integer k such that 1 < fc < p and k ^ kiv for 

any i = 1, . . . ,s,v = !....,(?_,: the number is max{6fej, — a^jj |1 < / < s}) 

frk+mk - cf^ \ frk + mk- c'f ■* • - TA . . , 
or .yi. ■■■>./= _ ji,—,js (such a term appears 

V J^fc / V "^fe /J 

in the product if k is equal to some kiv {I < i < s,l < v < qg). In this 

case, if ki^^^^ . . . , ki^^^ are all elements of the set {/ciiyjl < « < s, 1 < < qs} 
that are equal to /c (1 < e < s, 1 < ii < • • • < ie < s), then is defined as 
min{6fcii^ - a/cj;^ |1 < A < Z}). 

The corresponding numerical polynomial "0^11 '"'fc^^ (^ij • • • : tp+i) is a prod- 
uct of p "elementary" numerical polynomials /i, . . . , fp where fk < k < p) 

is a polynomial of the form f^P+^~^^ Si. - Ja j qj. i^k+^k c,^^ 5^ 



n J \ mk 



or 



tk+rrik- Cji]-,]s\ _ fik + mk- cf^^...^j^ - Tk 
mk J \ ruk 



{1 < k < p). Since the 



degree of such a product with respect to any variable U {1 < i < p) and fp+i 
does not exceed rui and n, respectively, this completes the proof of the first two 
parts of Theorem 3.1. 

In order to prove the last part of the theorem, suppose that ^ = {Ci, • ■ • , Cg} 
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is another system of A-cr-generators of L/K, that is, L = K{t]i, . . . ,ris 
i^(Ci,...,C,)). Let 

5'c(ri,---,rp+i) - 2^ ■•■ 2^ o»i...«p+i . 



ii—O iv—0 



11/ \ lp+1 



be the dimension polynomial of our A-u-field extension associated with the 
system of generators C. Then there exist /ii, . . . , /ip+i G N such that rji G 
^(Uj=i A(/ii,...,/ip+i)0) and Cfe e K{\Jj^^ A{hi, . . . ,hp+i)7jj) for any i = 
1, . . . , s and fc = 1, . . . ,9, whence $^(ri, . . . ,rp+i) < $^(ri + /ii, . . . , r^+i+Zip+i) 
and <I>(;(ri, . . . ,rp+i) < $^(ri + /ii, . . . , 

rp+i + /ip+i) for all sufficiently large (ri, . . . , rp+i) G N^^"'^. Now the state- 
ment of the third part of Theorem 3.1 follows from the fact that for any el- 
ement (/ci, . . . , fc„+i) G E' the term ( ^ ~!~ ^ | ... ( p+^~^ p+i j appears in 

\ ki J \ kp+i J 

. . . ,ip+i) and . . . ,ip+i) with the same coefficient aki,,,kj,^i- 

Let us consider some examples of computation of A-cr-dimcnsion polynomi- 
als. 

Example 5.11 Consider a A-a-field extension L = K{rj) where A = {^}, 
a — {a}, and the A-cr-generator of L/ K satisfies the defining equation 

Srj — arj — a = Q (5. 5) 

where a G K. 

Since the equation is linear, the corresponding defining A-cr-ideal of the 
ring of A-fj-polynomials K{y} is P — [ay — Sy — a] (the fact that any linear 
ideal is prime is well-known, see, for example, [5] Chapter IV, Section 5]). By 
Proposition 5.10, the A-cr-polynomials A — ay — 5y — a and —a~^A = a~^Sy — 
y — a^^{a) form a characteristic set of the ideal P. Using the notation of the 
proof of Theorem 3.1 and applying the procedure described in this proof together 
with Theorem 4.3(iii), and formula (4.4), we obtain that Card C/rir2 = fi -|-r2-|-l 
and C'ardUril.2 — r2 for all sufficiently large (r'i,r2) G N^. Therefore the 
corresponding A-cr-dimension polynomial is as follows: {ti ,t2) = ti+ 2t2 + 1. 
Note that this polynomial expresses the strength of the difference-differential 
dy(x^ 

equation — y{x+h) — a{x) — where y{x) is an unknown function and a{x) 

d 

belongs to a functional A-cr-field K with the derivation — and automorphism 

dx 

f{x) 1— ?• f{x + h) where ft, is a constant of the field (say, if i^T is a field of functions 
of a real variable, then /i is a real number). 

Example 5.12 Let us find the A-cr-dimension polynomial that expresses the 
strength of the difference-differential equation 

d^yixi,X2) d^y{xi,X2) , , u\ , t \ n /k r\ 
dxl 84 + y{xi + h) + a{x) = (5.6) 
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over some A-cr-field of functions of two real variables K, where the basic set of 
derivations A = {Si = -^,62 = gf^} has the partition A = {<5i}U{'^i} ^'^d a 
consists of one automorphisms a : f{xi,X2) i-> f{xi + h, X2)} (a is the shift of 
the first argument of a function by a real number h). 

In this case, the associated A-cr-extension K{r])/K is A-a-isomorphic to the 
field of fractions of the integral A-cr-domain K{y'\/[ay + Sfy + Sfy + a] (the 
element a E K corresponds to the fimction a{x)). Applying Proposition 5.10 
we obtain that the characteristic set of the defining ideal of the corresponding 
A-(T-extension K{ri)/K consists of the A-a-polynomials gi = ay + Sfy + Sfy + a 
and (72 = oi~^9i = oi~^Sfy + a~^S2y + y + a~^{a). With the notation of 
the proof of Theorem 3.1, the application of the procedure described in this 
proof. Theorem 4.3(iii), and formula (4.4) leads to the following expressions 
for the numbers of elements of the sets Urll2r3 and C/rir2r3: CardUrll2r3 = 
rir2 + 2r2r3 + ri + r2 + 2r3 + 1 and CardUrirzra = 4rir3 + 2r2r3 - 2r3 for 
all sufficiently large (ri,r2,r3) G N^. Thus, the strength of equation (5.6) 
corresponding to the given partition of the basic set of derivations is expressed 
by the A-cr-polynomial ^n{h,t2, is) = ht2 + 4^1*3 + 4t2i3 + + ^2 + 1- 

6 Generalized Grobner bases in free difference- 
differential modules and difference-differential 
dimension polynomials 

Let K he a. difference-differential field of zero characteristic with basic sets 
A = . . . , (5„i} and a = {ai, . . . , Q!„} of derivations and automorphisms, 
respectively. Suppose that partition (3.1) of the set of derivations is fixed: 
A = AiU---U^P (P > 1) where Ai = . . . , (5„ J, A2 = {S^,+i,..., 

^mi+msli ■ • • , = {(5mi + ---+mp_i+l, • • • ,Sm} (mi H h JTlp = m). 

As before, let A denote the free commutative semigroup of all power products 
of the form A = 5^ V . . 6'^a[^ ■ • • a^" where /Cj € N, e Z (1 < i < m, 1 < j < 
n) and let ordiX {1 < i < p) and ord^X denote the orders of such an element A 
relative to A^ and a, respectively, introduced at the beginning of section 3. 

In what follows an expression of the form X^^g^ '^aA, where ax € K for all 
A € A and only finitely many coefficients a\ are different from zero, is called a 
difference-differential (or A-cr-) operator over K. Two A-cr-operators ^^gA "^a-^ 
and J2xeA ^>^^ considered to be equal if and only if ax = bx for all A e A. 

The set of all A-cr-operators over K can be equipped with a ring struc- 
ture if one sets EasA^a-^ + EagA^a^ = Ea6a(«a + bx)X, a{J2xeA"'^^) = 
EAGA(aaA)A, (Eaea «aA)m = Eaga «a(A/x), /xa = ii{a)n for any A-cr-operators 
Saga '^aA, J2xeA ^^A and for any elements a € K, /j, € A, and extend these rules 
by the distributivity. This ring is callcid the ring of difference-differential (or A- 
cr-) operators over K, it will be denoted by D (or Dk, if the ring K should be 
specified). 

If (/, = '^x^j\ axX is a A-cr-opcrator over K, then the orders of u rel- 
ative to the sets Aj (1 < i < p) and a are defined as numbers ordiU = 
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max{ordiX\a\ ^ 0} and ord^u = max{ordi^X\ax ^ 0}, respectively. The num- 
ber ordu = max{ord X\ax ^ 0} is said to be the order of the A-u-operator 
u. 

For any ri,...,rp+i € N, let £'ri...rp+i denote the vector i^-subspace of 
D generated by A(ri, . . . , fp+i). Setting Dri...rp+i = for (ri, . . . , r^+i) e 
ZP+i \ NP+i^ we obtain a family {£)ri...^^^J(ri, . . . , Tp+i) e Zf+i} called a 

standard (p + I) -dimensional fdtraMon of D. 

Obviously, |J {£'r-i...rp+i . . .rp+i G Z} = D, Dr-i...rp+i C £'ri...ri_i,n + l,ri+i,...rp+i 

for all i, 1 < i <,p+ 1, and £'ri...rp+i-Dsi...sp+i = -Dri+si,...,rp+i+sp+i for any 
ri,Si G N, 1 < i <p + 1. 

A left module over the ring D is called a difference- differential K-module 
or a A-a -K-module. In other words, a vector if-space M is called a A-a-K- 
module, if the elements of the set A (J a* act on M in such a way that ^{x+y) = 

(i{x) + /3(7(.x)) = 7(/3(.x)), 5(ax) = a(5(a;) + 5{a)x, T{ax) = T{a)T{x), and 
t(t"1(x)) = a; for any /3,7 e AIJ cr*, (J e A, r G ct*, a G isT, and x e M. 

Definition 6.1 IfM is a A-a -K -module, then a family {Mri...r-p+i K^i . . -rp+i) G 
Z} of vector K-subspaces of the module M is called a {p -\- 1)- dimensional fil- 
tration of M if the following three conditions hold: 

(i) For any fixed integers ri,...,ri_i, r^+i, . . . , rp+i < i < p + 1), 
-M"r-i...r....rp+i Q ...r._ i .n+i.n+i ...r^+i and Mr^,„r^^^ = for all Sufficiently 
small ri G Z; 

(ii) U{Afn....,+J(ri, . . . ,rp+i) G Zf+i} = M; 

(Hi) -Dri...rp+iM,,...sp_^, C Mr,+s,,...,rp_^j+sp_^, for any (n, . . . ,rp+i), 
(si,...,Sp+i)GZP+i. 

// ewer?/ vector K -space Mr^...rj,^i is finitely generated and there exists an ele- 
ment {hi,..., hp+i) G ZP+i such that ^n.-rp+i = Mr^+hi,...,rp+i-\-hp+i 
for any 

(ri, . . . ,rp+i) G NP+^, f/ien the {p-\-l)- dimensional filtration is called excellent. 

It is easy to see that \i u\, . . . ,Uq is a finite system of generators of a left 
D-module M, then the filtration {X^'^i i^n-.-rp+iWil (ri, . . . ,rp+i) G Z^'+^} is 
excellent. 

Let M and N be two A-cr-ii'-modules. A homomorphism of of vector K- 
spaces / : M — > N is called a A-u -homomorphism (or difference- differential ho- 
momorphism), if f{Tx) = Tf{x) for any a; G M, ^ G A(Jct*. Surjective (respec- 
tively, injective or bijective) A-cr-homomorphism is called a A-cr-epimorphism 
(A-(T-monomorphism or A-cr- isomorphism, respectively). 

Let F be a finitely generated free left _D- module with free generators fi, . . . ,fq. 
(Using the "difference-differential" terminology, we also say that F is a free 
difference-differential K-module (or a free A-cr-ii'-module) with the set of free 
A-cr-generators {/i, . . . , /,}.) 

Then F can be considered as a vector iiT-space with the basis {A/j | A G A, 
1 < * < q})- This set will be denoted by A/ and its elements will be called 
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terms. (The fact that the same name is used in section 5 for certain elements of 
the ring of A-u-polynomials will not cause any confusions.) For any term A/j, 
the element A will be called the head of the term. 

Since A/ is a basis of F over every element f G F has a unique repre- 
sentation as a linear combination of terms: 

/ = aiAi/ii H h OdAi/j^ (6. 1) 

for some nonzero elements aj £ K and some A^ £ A (1 < j < d). We say that 
the element / contains a term Xkfk, if this term appears in the representation 
(6.1) with nonzero coefficient. 

We define the orders of a term Xfj £ A/ relative to the sets and a as 
the corresponding orders of A: ordi{Xfj) = ordiX {1 < i < p) and ord^{Xfj) = 
ordcrX. The number ord{Xfj) = ordX is said to be the order of the term Xfj. 

We say that two terms u = Xfi and v = X' fj arc similar and write u ^ v if 
A ~ A'. If w = Acj is a term and A' £ A, we say that u is similar to A' and write 
u ~ A' if A ~ A'. Furthermore, if u,v G A/, we say that u divides v or v is a 
multiple of u, if u = Ae^, v = A'cj for some ej and A|A' (in particular, it means 
that A ~ A'). 

In what follows we will consider p+1 orders <i, . . . , <p, <o- on the set A/ 

defined in the same way as the corresponding orders of the terms in the ring 
of A-cr-polynomials: Xfj <i(or <a) X' fk (A, A' £ A, 1 < j, fc < q) if and only if 
A <i (respectively, <a) X' in A, or A = A' and j < k. 

If an element f E F is written in the form (6.1) then the greatest element of 
the set {Xifi^ , . . . , Xdfi^} relative to the orders <i (1 < i < p) and are called 
the Aj-leader and cr-leader of /; they are denoted by uy and Vf, respectively. 

Definition 6.2 Let f and g he two elements of the free A-a-K-module F. The 
element f is said to be reduced with respect tog if f does not contain any multiple 
Xvg (X G A) of the a-leader Vg such that ordi{Xug) < ordiUf for i = 1, . . .p. 
An element h G E is said to be reduced with respect to a set T, C E, if h is 
reduced with respect to every element of the set E. 

Let us consider p new symbols Zi, . . . ,Zp, the free commutative semigroup F of 
all power products Xz-^^ . . . Zp" (A G A, fci e N for i = 1,. . .,p), and the set 
Tf of all elements of the form {"/fj\"/ G T,l < j < q} = T x {ei, . . . , Cg}. If 
a = Xzi^ . . . Zp" fn, h = X'z'^ ■ ■ ■ Zp" fi, GTf {1 < ij,,^ < q), we say that a divides 
b (or 6 is a multiple of a) and write a\b ii ^ = u, X\X' in A, and ki < k for 
i = l,...,p. 

For any i = 1, . . . ,p and for any / £ F, let d{f) = ordiU^^^ — ordiVf, and let 
a mapping p : F ~¥Tf he defined by p{f) = zf^^^'' . . . Zp^^^^f. 

Definition 6.3 With the above notation, let N be a D-subm,odule of F. A finite 
set G = {gi, . . . ,gr} C A'' is called a A-a-Grdbner basis of N (with respect to 
the given partition (3.1) of the basic set A) if for any f G N, there exists gi G G 
such that p{gi)\p{f). 
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Definition 6.4 Given f,g,hE F , with g =i 0, we say that the element f reduces 
to h modulo g in one step and write f ^ h if and only if f contains some term 
w with a coefficient a such that Vg\w, w — Xvg (X € A, X ^ Vg), 

f - a{Xa(lca{g))y^ Xg, 

and ordi{Xug^) < ordiu'"^^ for i ^ 1, . . . ,p. 

Definition 6.5 Let f,h £ F and let G — {gi, . . . ,gr} be a finite set of nonzero 

elements of F. We say that f reduces to h modulo G and write f — > h if and 
only if there exists a sequence of elements g^^\g^'^\ ■ ■ -ff*-'^ G G and a sequence 

g{l) g(2) g{q-l) g{q) 

of elements hi, ... , hq^i € F such that f > hi > . . . > hq^i > h. 

The introduced notion of reduction is similar to the concept of {<k,<ii 
, • • • <i, )-reduction defined in [9j Section 3]. The following two propositions can 
be proved in the same way as Theorem 3.6 and Proposition 3.7 of [5]. 

Proposition 6.6 With the above notation, let G — {gi, . . . , g, } C F be a A- 

a-Grobner basis of a D-submodule N of F and let f G N . Then there exist 
elements g £ N and Qi, . . . , Qr G D such that f — g ^ Y^l=i Qigi 0,"^^ g is 
reduced with respect to G. 

Now we can propose an approach to the computation of the dimension poly- 
nomial of a finitely generated A-cr-field extension L = K{rji, . . . ,?7s), which is 
based on the consideration of the corresponding module of Kahler differentials 
i^HK- As it is shown in [3] and O Proposition 3.4.46], the L-vector space 
flL\K can be equipped with the structure of a left module over the ring of 
A-(T-operators V — Dl over L in such a way that the corresponding action 
of the elements of A|Jct on flL\K satisfy the conditions 5{d() — dS{() and 
a{d() = da{() for any C G L, 5 G A, a e ct. 

Let us consider 2? as a filtered ring with a natural {p+ l)-dimensional filtra- 
tion {'Dr^...rp^i\{ri, . . . G ZP~^^} where 25^1. ..^,,+1 is the vector L-subspace 
of 2? generated by A(ri, . . . , rp+i) if all > 0, and otherwise. Then the finitely 
generated P-module M = i^LlK = Y^l^i T^drji has a natural l)-dimensional 
filtration {Mr^,,,r^_^^\{ri, 

Tp+i) G ZP+^} where Mri...rp+i {ri > 0) is the vector L-subspace of ^l\k 
generated by the set {dr]\i] G K{{Xi]j \X G A(ri, . . . , rp+i), 1 < j < s}) and 
-^ri...rp+i = whenever at least one is negative. Clearly, this is an excellent 
filtration of M and, as it is shown in and P, Theorem 6.4.11], 

s 

trdegKK{[J A(ri, . . .,rp+i)r]j) = dimL{Mr^,,,r^^J 
i=i 

for all (ri...rp+i) G N^+i. 

It follows that the computation of the difference-differential dimension poly- 
nomial of the extension L/K can be reduced to the computation of the dimen- 
sion polynomial associated with the filtration {-A2ri...rp+i}; the existence of such 
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a polynomial is established by the following theorem whose proof is similar to 
the proof of Theorem 4.2 of [9]. 



Theorem 6.7 Lei {Afri...rp+i — T^n. ..rpfi} he an excellent {p+1)- dimensional 

i=l 

s 

filtration of a left T) -module M ~ Dfj (fi,...,fs generate M as a V- 

1=1 

module). Then there exists a polynomial (j){ti, . . . ,ip+i) G Q[ii, • ■ • such 
that 

(i) 0(ri, . . . , rp+i) = dimLMri...rp+i for all sufficiently large (ri, . . . , Tp+i) S 

ZP. 

(ii) degtifj) ^ A ^ * — '^^^ degt^j^-^^cj) < n, so that deg < m + n and 
4>{ti, . . . , ip+i) con 6e represented as 

mi 



+ ftp+i + 'ip+i 

«i / " V 



ii=0 ip=Oip+i=0 

where ai^,,,i^^^ G Z and 2" | a,„j...„jp„. 

(iii) Let A = {{ii, ip+i) G NP+i I < ifc < mfe (l<k<p), < ip+i < 
n and aii...ip_|_i ^ 0}. T/ien d = degcj), ami...mpn, elements (fci, . . . , fcp+i) G A', 
i/ie corresponding coefficients akj^,,,kp^i and the coefficients of the terms of total 

degree d do not depend on the choice of the excellent filtration. Also, "'^^ 

is equal to the maximal number of elements of AI linearly independent over V. 

(iv) Let E he a free left V-module with free generators ei, . . . ,6^. Let tt : 
E — > M he the natural V-epimorphism (7r(ei) ~ fi for i ~ l,...,sj, N = 
Kern, and G ~ {gi, . . . ,gd} a A-a-Grobner hasis of N. Furthermore, for any 
(ri, . . . ,rp+i) G NP+^, let U^lLr^+i = {u = Xck \ ordiX < ri for i ^ I, . . . ,p, 
orda-u < r-p+i, and u is not a multiple of any Vg- , j ~ I, . . . ,d (I < k < d)} 

(2) 

and let Uri...rp+i = {u = Xck \ ordiU < ri for i — 1, . . . ,p, ord^u < rp^i, and 
for every X E A, g E G such that u ~ Xug^\ X ^ Ug^\ there exists i G {1, . . . ,p} 
such that ordiXu^g'' > ri}. 

Then for any (ri, . . . , rp+i) G N^'+-'^, the set T:{Url\.rp+i U C^il.rp+i) is a ha- 
sis ofMri...rp+i overK. Therefore <j){ri,. . .,rp+i) = Gard (u^ll.rp+i [j C/if.^..rp+i) 
for all sufficiently large (ri, . . . , ^p+i) G Z^. 

The last theorem shows that the polynomial . . . , ip+i) can be computed 
via construction of a A-cr-Grobner basis of the module N mentioned in the 
last theorem. Such a basis can be obtained with the use of the generalized 
Buchbcrger algorithm described in [3] (where is to play the role of <i in 
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the theory developed in [51 Section 3]). Another possible way to construct a 
A-<7-Gr6bner basis is to use the relative Grobner basis technique developed in 
[U and [J. 

The following example deals with a differential field extension (cr = 0). It 
illustrates the method of computation of the multivariate dimension polynomial 
with the use of the last part of Theorem 6.7 and also shows that multivariate 
dimension polynomials can carry more invariants of a finitely generated differ- 
ential (A-) field extension than the univariate dimension polynomial considered 
by E. Kolchin. 

Example 6.8 Let K he a differential field with a basic set A — {61,62, 63} and 
let L = K{rj) be a A-field extension with the defining equation 

where a, b, and c are positive integers. (It means that the defining A-ideal of rj 
over K is the A-ideal of K{y} generated by the A-polynomial / — (5°^^(52?/ + 
6^+^6ly 616l+''y. Since / is linear, the A-ideal [/] is prime.) 

As it is shown in [51 Proposition 6.5.5], the kernel N of the natural epimor- 
phism of the free D^-module E — D^e onto the module of Kahler differentials 
^L\K = DLdri is generated by the element g = {6l+''6l + (5°+''(5g + 6l6l'^'')e, 
which, obviously, forms a A-Grobner basis of N . 

Let ^2,^3) be the dimension polynomial associated with the partition 

^^{6^}[j{62}[j{6,}. 

Applying the last part of Theorem 6.7 and the method of evaluation of the sets 
.T2,i-3 and Ur2r2,r3 dcscribcd in the proof of Theorem 3.1, we obtain that 

h + 1^ + 1^ 1^*3 + 1^ _ i^ti + 1 - (a + c)^ fh^i- + 1 

[(ti-(a+c) + l)a(<3+l)+(ii-(a+c)+l)(i2-fo+l)(&+c)-(ti-(a+c)+l)a(fe+c)] = 

(6 -I- c)tit2 + {a + b)tits + (a + c)t2t3+ terms of total degree at most 1. 

Note that the corresponding Kolchin differential dimension polynomial, which 
describes tr.degKK{K{r)ri), is as follows: 

M u\ f^ + ^\ A + 3-(a + 6 + c)\ a + fo + Co,^ „, 

" I 3 ) ^ I 3 ) " 2 degree 

at most 1. 

(One can easily obtain this expression either with the use of the classical 
Grobner basis method or by constructing a free resolution for flL\K] the cor- 
responding methods and examples can be found, for example, in |6l Chapter 
9].) 

In this case the Kolchin polynomial (prilKit) carries just one differential bi- 
rational invariant a + b + c while $,j(ii, t2, t^) determines three such invariants, 
a + b,a + c, and b + c, that is, determines all three parameters of the defining 
equation while 0,,(t) gives just the sum of these parameters. 
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7 Conclusion 



We have proved the existence and presented a method of computation of multi- 
variate dimension polynomials associated with difference-differential field exten- 
sions and systems of algebraic difference-differential eqiiations. The proposed 
method, which generalizes the Ritt-Kolchin characteristic set technique, allows 
one to cvahiatc the strength of a system of algebraic difference-differential cqim- 
tions in the sense of A. Einstein. We have also presented a method of compu- 
tation of multivariate difference-differential polynomials based on a generalized 
Grobner basis technique that involves several term orderings. Finally, we have 
found new invariants of a finitely generated difference-differential field extension 
that are not carried by univariate Kolchin-type dimension polynomials. 
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